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Abstract. The prevalent assumption in hedonic games is that agents
are interested solely on the composition of their own coalition. Moreover, agent preferences are usually assumed to be known with certainty.
In our work, agents have hidden preferences over partitions. We first put
forward the formal definition of hedonic games in partition function form
(PFF-HGs), and extend well-studied classes of hedonic games to this setting. Then we exploit three well-known supervised learning models, linear
regression, linear regression with basis functions, and feed forward neural networks, in order to (approximately) extract the unknown hedonic
preference relations over partitions. We conduct a systematic evaluation
to compare the performance of these models on PFF-HGs; and, in the
process, we develop an evaluation metric specifically designed for our
problem. Our experimental results confirm the eﬀectiveness of our work.
Keywords: Learning Preferences or Rankings · Cooperative Games ·
Uncertainty in AI · Applications of Supervised Learning.
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Introduction

Hedonic games [2] is a class of cooperative games typically used to model settings
where agents form coalitions based on their interpersonal relations with others.
That is, agents are attracted to coalitions due to their membership, and their
“payoﬀ” corresponds to their satisfaction from the collaboration itself. Hedonic
games can in fact be modeled as non-transferable utility games [7]. In most
studies so far, complete information over essential components of such games is
assumed. However, under a more realistic point of view, one has to deal with
uncertainty. In this light, [15] and [9] explore learning methods applied in several
classes of hedonic games to discover the underlying hidden aspects of the game.
To the best to our knowledge, all hedonic game papers so far assume that
the utility an agent i assigns to a coalition C depends solely on the identities
of agents in C [2, 8]; however, the value of a coalition can intuitively be aﬀected
not only by its own composition, but also by that of other groups.1 In other
words, it is natural that the satisfaction yielded by a certain coalition diﬀers
depending on coalition structure. In cooperative game theory, such partitionwide preferences have been studied both in transferable and non-transferable
1

In [1], in fact, this is mentioned as a potential extension, but it is not studied there.
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utility games (games with externalities or in partition function form), but not
specifically within the scope of hedonic games [16, 7]. Here we provide the formal
definition of hedonic games in partition function form (PFF-HGs), and extend
well-studied sub-classes of hedonic games to ones with externalities.
We then proceed to employ supervised learning models such as linear regression, regression with basis functions, and feed-forward neural networks to
discover latent collaboration patterns in PFF-HGs. In particular, we focus on
specific classes of games in PFF-HG, and we exploit their properties to extract
their unknown aspects: we consider the preference relation of each agent as the
latent aspect of the game. In other words, in our framework agents themselves
are unaware of their own preferences; and they learn the hidden preferences relation via observing past interactions with others. This is a realistic assumption
when considering a vast partition-space: in fact, any competition involving teams
or individuals, which can regroup over time and be ‘revealed’ to the participants,
can be captured by the settings we describe in this work. Note that even with
a few agents∑the partition-space
is extremely large, e.g., even for 10 agents, we
( )
9
have B10 = k=0 k9 · Bk = 115975 partitions (B is the Bell number [7]).
For instance, consider n companies that establish synergies in order to acquire government contracts. In each competition the companies form diﬀerent
coalitions, and the bundling of the contracts leads to diﬀerent satisfaction for
each company. A series of such competitions provides a learning model with
suﬃcient data that can help an involved company to plan forthcoming collaborations. Another example could be crowdsourcing online platforms, where given
a complicated task and a specific time frame, individuals are to form work-groups
that compete with each other to solve problems or puzzles; at the end of a task’s
period, the groups may reform into diﬀerent coalitions. In such settings, the
groupings naturally aﬀect the final outcome, while the formation space is vast
and thus own preferences are unknown.
In what follows, in Sec. 2 we formally define the PFF-HG games. In Sec. 3
we present the explicit application of the aforementioned learning models to our
problem at hand. In Sec. 4 we describe the game environments within which we
employed the learning process. Finally, in Sec. 4.3 we discuss our results, while
Sec. 5 concludes this paper.

2

Hedonic Games in Partition Function Form

Let N = {1, · · · , n} be a finite, non-empty set of players of size |N | = n. A
coalition S ⊆ N \ {∅} is a non-empty subset of players. The relative to player
i coalitional space, consists of all coalitions which contain i, and is defined as
Ni = {S ⊆ N : i ∈ S}. A partition or coalition structure is a set of coalitions
π = {S1 , · · · , Sm } such that for each pair i, j = 1, · · · , m and i ̸= j, Si ∩ Sj = ∅;
and ∪i=1,··· ,m Si = N . We denote with π(i) the coalition within π that contains
agent i. The set of all partitions of N is denoted as Π. The pair (S, π) is an
embedded coalition, where π ∈ Π is a partition, and S ∈ π is a coalition within
partition π. The set of all embedded coalitions over N is denoted with EN . The
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set of the embedded coalitions that contain agent i is denoted with EN (i). The
class of hedonic games is defined as:
Definition 1 (Hedonic Games [2]). A hedonic game is given by a pair G =
(N, ≿), where ≿ is a preference profile that specifies for every agent i ∈ N a
reflexive, complete and transitive binary relation ≿i on Ni .
Both transferable (TU) and non-transferable (NTU) utility games have been
expressed in partition function form (PFF). Hedonic games constitute a special
class of NTU games:
Definition 2 (NTU games in Partition Function Form [14]). A coalitional game in partition function form (PFF) with non-transferable utility (NTU)
is defined by a pair ⟨N, V ⟩, where N is the set of players, and V is a mapping
such that for every π ∈ Π and every coalition S ⊆ N, S ∈ π, V (S, π) is a
closed convex subset of R|S| that contains the payoﬀ vector that players in S can
achieve. Alternatively, if we consider a payoﬀ vector in Rn for every coalition
S ⊆ N (let for any i ̸∈ S the corresponding payoﬀ be 0 or −∞), then V can be
viewed as a mapping V : EN → Rn that assigns to n-vector of real numbers to
each embedded coalition (S, π).
We now provide the corresponding definition for hedonic games in partition
function form, and extend common hedonic game classes to this setting.
Definition 3. (PFF-HGs) A hedonic game (HG) in partition function form
(PFF) is defined by a pair ⟨N, ≿⟩, where N is the set of players, and ≿= {≿π1
π
π
, · · · , ≿πm } with |Π| = m; and for all πj ∈ Π ≿πj = {≿1 j , · · · , ≿nj }, and each
πj
≿i ⊆ Ni ×Ni is a complete, reflexive and transitive preference relation describing
agent i’s preferences over coalitions it can participate in when πj is in place.
2.1

Additively Separable Hedonic Games (ASHGs)

In ASHGs [8], an agent’s utility for a given coalition is the sum of the utilities it
assigns to other members of that coalition. Formally, each agent i ∈ N assigns
to each agent j ∈ N a value bji ∈ R,2 and the utility of coalition S is defined as
∑
vi (S) = j∈S bji .
Generalizing ASHGs to partition function form, each agent assigns a value
to any agent within each partition π ∈ Π, i.e, agent i assigns the value bji (π) to
agent j when partition π is formed. Thus, the utility of embedded coalition (S, π)
∑
is now defined as vi (S, π) = j∈S bji (π). As such, it is more natural to model
ASHGs like NTU games due to their properties. Therefore, there is a mapping
V : EN → R such that for every embedded coalition there is an n-vector of reals:

 ∑
j
v1 (S, π)
j∈S b1 (π)
∑
j

 v2 (S, π)  
j∈S b2 (π) 

 

V (S, π) = 
=
..
..


 


.
∑ . j
vn (S, π)
b
(π)
j∈S n


2

The agents assign a zero value to themselves, i.e., bii = 0.
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Given this, each agent forms a preference relation that refers to embedded coalitions (rather than coalitions), and therefore to partitions. This preference relation is as follows: agent i prefers embedded coalition (S, π) to (T, π ′ ), (S, π) ≿i
(T, π ′ ), if and only if vi (S, π) ≥ vi (T, π ′ ), even if S and T consist of exactly the
same set of agents.3
2.2

Boolean Hedonic Games (BHGs)

Boolean hedonic games provide a concise representation of hedonic games with
dichotomous preference relations [1]. According to the dichotomous preferences
model, each agent i can partition Ni = {S ⊆ N \ {∅} : i ∈ S} into two disjoint
sets Ni+ and Ni− ; and i strictly prefers all coalitions in Ni+ to those in Ni− , and
is indiﬀerent about coalitions in the same set. In boolean hedonic games, each
agent i, instead of explicitly enumerating the preference relation that leads to
dichotomous preferences, defines a logic formula γi that intuitively represents its
goal of being with preferred partners; and i is satisfied if its goal is achieved, or
dissatisfied otherwise. This formula can be of any form of a propositional logic
language, but γi in [1] involves only propositional variables relative to agent i,
that is, denoting agents i wants or does not want to be grouped with.
Expanding BHGs to partition function form, the key idea is to partition the
Π space into two disjoint sets Pi+ and Pi− , i.e. into a set with the partitions
agent i prefers, and a set with the partitions i does not. In its generality, the
use of propositional logic formulae allows us to have a compact representation,
but γi in [1] was meant to capture i’s preferences regarding the composition of
its coalition only. We extend into PFF by introducing a specific form for γi ,
which is as follows: each γi is not restricted to variables relative to agent i, but
consists of multiple pairs ⟨Incli , Incli ⟩ connected via the logical connective or
(∨). ⟨Incli , Incli ⟩ is a pair of two disjoint sets of subcoalitions. Now, each pair is
interpreted as follows: Incli is a set of “must-include” subsets of coalitions, while
Incli is a set of “must-not-include” subsets of coalitions. In words, the set Incli
represents desirable patterns of collaborations that a preferable to i partition
must contain; while the set Incli indicates cooperation among agents that must
be excluded from a preferable partition. Thus, a partition π satisfies the pair
⟨Incli , Incli ⟩ if:
– ∀c ∈ Incli ∃S ∈ π : c ⊆ S; and
– ∀c ∈ Incli ̸ ∃S ∈ π : c ⊆ S
that is, for every desirable pattern c ∈ Incli there is a coalition S ∈ π that
contains c (i.e., c ⊆ S); while for each unwanted pattern c ∈ Incli there is no
coalition S ∈ π such that c is contained in S. In general, a formula γi is of
the form: γi = ⟨Incli,1 , Incli,1 ⟩ ∨ ⟨Incli,2 , Incli,2 ⟩ ∨ · · · ∨ ⟨Incli,p , Incli,p ⟩, and a
partition π satisfies γi (we write π |= γi ) if there is a pair ⟨Incli,j , Incli,j ⟩ such
that π satisfies ⟨Incli,j , Incli,j ⟩. Therefore, the partition space Π is the disjoint
union of the sets: Pi+ = {π ∈ Π : π |= γi } and Pi− = {π ∈ Π : π ̸|= γi }.
3

Notice, that by simply changing the sum operator with max, min, or average, we can
similarly express the B − Games, W − Games, and FHGs [2] in PFF, respectively.
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Learning Models

Here we discuss learning models that we applied on PFF-HGs.
3.1

Linear Regression Model

The linear regression model (LRM) [6] is a simple but powerful data analysis tool.
An LRM attempts to find the best line fitting the input observations (x) and
their target values (t). Each observation can be an L-dimensional vector, that
abbreviates multiple parameters. During the training phase, the LRM computes
a weight vector w = (xT x)−1 xT t; while during the testing phase, the model
∑L
compares each approximated value ŷr = w0 + l=1 wl ·xr,l with its corresponding
target value tr .
We let each agent i ∈ N (|N | = n) train and maintain its own learning model.
Given a hedonic game G in PFF,( an
) observation is a pair (partition, target
value), encoded as follows: we use n2 boolean variables, with each one indicating whether an unordered pair of agents co-exist in the same coalition within
the given partition. That is, for each unordered pair (i, j) we use the indicator
function 1i∈π(j) = 1 if agents i, j are in the same coalition,
(n) and 1i∈π(j) = 0
4
otherwise. Thus, a partition πk is encoded as xk having 2 elements as:
xk = [ 1ag2 ∈π(ag1 ) , 1ag3 ∈π(ag1 ) , · · · , 1agn ∈π(ag1 ) , 1ag3 ∈π(ag2 ) , 1ag4 ∈π(ag2 ) , · · · , 1agn ∈π(ag2 ) ,
{z
} |
{z
}
|
n−1 elements

n−2 elements

1ag4 ∈π(ag3 ) , 1ag5 ∈π(ag3 ) , · · · , 1agn ∈π(ag3 ) ,

············ ,

|

{z

}

n−3 elements

1agi+1 ∈π(agi ) , 1agi+2 ∈π(agi ) , · · · , 1agn ∈π(agi ) ,

|

{z

}

············ ,

n−i elements

1agn−1 ∈π(agn−2 ) , 1agn ∈π(agn−2 ) , 1agn ∈π(agn−1 ) ]
|

{z

}

2 elements

As mentioned above, each agent trains its own model to learn its preferences,
considering that each agent’s target value for a given partition can be diﬀerent.
Training and testing samples contain partitions (πk ) encoded as xk , along with
the corresponding target value (tk ). For ASHGs, this value is equal to tk =
vi (S, πk ), whereas for BHGs, tk will have a positive value +c, (c > 0) if πk ∈ Pi+
or a negative value −c if πk ∈ Pi− . In essence, learning an agent’s preferences
in BHGs can be described as a classification problem, and is examined as such;
while ASHGs is a straightforward function approximation problem.
3.2

Linear Regression Model with Basis Functions

The linear regression model provides us with a linear function of the form
ti ∼ α + βxi . However, the data may not be linear, and thus a line is not
4

We remind the reader that π(j) = S ∈ π : j ∈ S.
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an appropriate function to use as predictor. Instead, we can empower the LRM
by using M basis functions; i.e. a number of non-linear functions that help us to
acquire a more appropriate predictor. The weight vector is now defined according
to this
set of basis functions, and w
is computed as: w = (ΦT · Φ)−1 · ΦT · t, where


ϕ0 (x1 ) ϕ1 (x1 ) · · · ϕM −1 (x1 )
 ϕ0 (x2 ) ϕ1 (x2 ) · · · ϕM −1 (x2 ) 


Φ= .
 ∈ RK×M . The number M of basis functions,
..
..
 ..

.
.
ϕ0 (xK ) ϕ1 (xK ) · · · ϕM −1 (xK )

along with their form, depend essentially on the problem at hand; here we determine M with the TPE method described in Sec. 3.3. In our approach, we chose
to work with Gaussian Basis Functions. These are of the form [6]:
{ ∥x − µ ∥2 }
i
ϕi (x) = exp −
2σ 2

(2)

where µi reflects the location of each ϕi in the L-dimensional space, and σ the
scale of each value, which is common to all ϕi . Now, each basis function ϕi is
an exponential, related to a center vector µi ∈ R∥X∥ , and a standard deviation
σ ∈ R+ . For computing the center vector µi of each ϕi , we use the well-known
k-means algorithm [12], while σ is the same for all ϕi .
3.3

Feed-Forward Neural Network (NN)

The aforementioned learning models are not in general appropriate for modelling
complex preferences with great accuracy. Feed-Forward Neural Networks [6, 10]
are better at that task, and thus we also employ one here.
In each hidden layer, a non-linear activator is used, otherwise it would act
similarly to an LR model. Depending on the PFF-HG class, we let the output
layer have a diﬀerent activator. That is, in ASHGs, a regression model is needed
to approximate the function tk = vi (S, πk ) ∈ R, so the output layer activator
must be linear. In the case of BHGs, essentially we have a classification problem,
thus we use a sigmoid activator at the output layer. By using a sigmoid function,
the resulting target values lie in {0, 1}; thus we use the convention that when
the target value of a given sample πk is tk = 1, it means that πk ∈ Ni+ , and
when tk = 0 we have that πk ∈ Ni− .
The performance of an NN depends on the choice of some hyperparameters
such as the optimization method, the number of nodes per layer, the activator
function in each layer, etc.; while the chosen set of hyperparameters is highly
dependent on the complexity of the to-be-learned preferences, i.e., the problem
at hand. In this work, we use as an optimization method the ADAM optimization
algorithm [3]. ADAM attempts to combine the benefits of two diﬀerent variations
of the stochastic gradient descent method, namely Adaptive Gradient Descent
(AdaGrad) and the Root Mean Square Propagation (RMSprop) [13]. AdaGrad
uses a diﬀerent learning rate for each parameter to improve performance for
sparse gradients, while in RMSprop and AdaDelta the learning rate of each
parameter relies on a decaying average of recent gradients. The choice of the
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ADAM optimizer was made empirically, following a series of experiments with
instances of our problem. This showed that ADAM outperformed AdaGrad,
RMSprop and AdaDelta [13]. We focused on the above methods, since adaptive
learning systems are generally suggested for sparse data, as discussed in [13].
The sparsity of the data is clearly indicated by the form of our observations’
representation (see Sec. 3.1).
Having selected the optimization method, we let our architecture self-tune
the other hyperparameters of the network by using the Tree-structured Parzen
Estimator (TPE) [5], an algorithm based on Bayesian optimization with the
use of hyperopt library for python [4]. In general, hyperparameter optimizers
attempt to find a value hi that minimizes a function f (h), i.e. argminh (f (h)).
In our apporach, f represents the loss function of the neural network, since
this is the quantity we want to minimize. For a predefined number of steps,
the algorithm produces sets of hyperparameters hi , that are used to construct
a neural network, which is then trained and tested given the input data. At
the end of this process, our architecture yields the best set of hyperparameters
h∗ , along with the trained neural network that uses these h∗ . The TPE allows
us to optimize hyperparameters that are structurally dependent: for instance, if
we set as a hyperparameter the number of hidden layers, we first optimize the
number of layers, and then the hyperparameters for each layer. Fig. 1 shows the
architecture of the model for selecting the best hyperparameters for the neural
network. In Sec. 4.2 we introduce an evaluation metric, which is used as the
function f .

8
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Fig. 1: Architecture for selecting
network hyperparameters.
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Fig. 2: Social graph g example

Experimental Results

Here we first describe the games’ environment, i.e., how we generated the synthetic data used for our experiments. Then, we present the evaluation metrics
of our work. The coding was in Python3; the experiments ran on a PC with an
i7@2.7GHz processor and 8GB of RAM.
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4.1

Games environment setup

The preference relations in hedonic games may be arbitrary. In the classes mentioned above, the preferences depend either on the values bji with a known operator (summation, maximization, etc.), or on formulae. The values bji may be
arbitrary, follow some a priori known distribution, or follow some specific function. Here, we suggest that the values bji are derived from a graph, reminiscent of
a social network,5 that describes the “communication links” between the agents.
Specifically, the value i assigns to j within partition π, comes from the graph
structure. That is, bji (π) is related to the following three properties:
1. the distance between agent i and j; and
2. the distances between agent i and all coalitions in π.
3. the distances between agent j and all coalitions in π.
Intuitively, the distance between i and j, denoted as distg (i, j), represents a
measurable metric for the expression “how close friends are i and j”. Property 1
would have been enough in hedonic games with no externalities. However, when
we study the games in partition function form, each agent values diﬀerently
coalitions and agents depending on the formed coalition structure. Thus, we
need to capture the partition’s form. The distance between an agent i and a
coalition S in π, intuitively represents i’s ‘motivation’ to deviate in another
existing coalition. Therefore, property 2 compensates i for collaborating with j
instead of another set of people; while property 3 ‘honours’ j for working with i.
The distance between two agents, distg (i, j), is defined as the shortest path
that connects these agents; and the distance between an agent i and a coalition
∑
distg (i,j)
S is distg (i, S) = j∈S |S|
. Hence, the value i assigns to j is defined as:
bji (π|g) = κi ·

∑
∑
1
1
+ λi ·
,
distg (i, S) + ξi ·
distg (i, j)
dist
g (j, S)
S∈π
S∈π

where g is
∑the graph, and κi , λi and ξi are constants related to agent i. In words,
term λi · S∈π distg (i, S) captures i’s ‘cost’ to move to a diﬀerent coalition and
attributes
a small/large amount for coalitions close/faraway to her. While term
∑
ξi · S∈π distg1(j,S) expresses i’s degree of honour towards j, and attributes a
small/large amount for coalitions faraway/close to j.
Note that each agent may consider a completely diﬀerent social network than
its peers. In other words, each i perceives diﬀerently the collaboration patterns
among players. Having defined values bji in this way, we may therefore use any of
the above suggested utility functions, e.g. summation, boolean, etc., to determine
the coalitions’ and partitions’ utility.
Game parameters In all games we have n = [5, 10, 20, 50] agents. For the
ASHGs in PFF: in each game we constructed a social graph with n nodes and
) number of edges (uniformly chosen between the minimum
e ∼ U (n − 1, n·(n−1)
2
number of edges that allow us to have a connected graph, and the number of
5

We use the term ‘social network’ to simply refer to a graph that produces the personal
values bji .
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n
5
10
20
50

∼
∼
∼
∼

κ, λ, ξ
U (0, 10)
U (0, 10)
U (0, 10)
U (0, 10)
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Graph
Formulae
|edges|
edgeweight #⟨Incli , Incli ⟩/agent #agents/⟨Incli , Incli ⟩
∼ U (4, 10)
U (1, 5)
U (2, 3)
U (1, 4)
∼ U (9, 45)
U (1, 5)
U (4, 7)
U (4, 6)
∼ U (19, 190)
U (1, 5)
U (9, 11)
U (5, 7)
∼ U (49, 1225) U (1, 5)
U (12, 15)
U (8, 12)

Table 1: Game environment parameters

edges that results a fully connected graph); each edge has a weight wedge ∼
U(1, 5). For the BGs in PFF: in each game, we use uniform distributions to
construct a formula γ i consisting of multiple pairs ⟨Incli , Incli ⟩ for each agent
i ∈ N , depending on the number of agents in the game; and to define the number
of agents involved in each pair, as shown in Table 1.
4.2

Evaluation metrics

In order to evaluate our experimental results, it is essential to determine the
nature of the desirable outcomes. We work with hedonic games, a class of cooperative games which, unlike others, possesses some particular properties. Specifically, in such games, we care little about the actual coalitions’ utilities, since
our interest lies mainly on the preference relations formed. The modelling of
the games studied within the scope of this paper (i.e., the interpretation of a
game instance into input data for a learning model), allows us to extract the
desired preferences. Thus, a question arises: do we care to learn the best function ûi (S, π) that resembles the actual ui (S, π); or do we desire a ûi (S, π) that
encodes a preference relation best matching the actual one?
To be more accurate, we distinguish the following two evaluation metrics:
– the Root Mean Square Error (RMSE) between the predicted utility functions
ûi (S, π), and the true function ui (S, π)
– the Qualitative Proximity (QP) between the ordering described by ûi (S, π)
and the true preference relation.
√

∑

(

)

2
1
The first metric is straightforward, RMSE(ui , uˆi ) = |D|
,
(S,π)∈D ui (S, π) − ûi (S, π)
where D is the collection of testing data encoded as described in Sec. 3.1, and
|D| is the size of the collection D. The second metric, however, is more interesting. This metric indicates that even if the predicted ûi diﬀers significantly from
the true ui in actual values, they are still equivalent. That is, functions ûi and
ui encode in the same way the preference relation between any two embedded
coalitions (S, π) and (T, π ′ ), e.g. both (S, π) ≿ui i (T, π ′ ) and (S, π) ≿ûi i (T, π ′ )
hold. QP in fact could be thought of as a variant of Kendall Tau metric [11].
Therefore, when a utility function of an agent i is “learned” based on the
training data, we extract a preference relation, ≿ûi i , over partitions. Then we
can measure the percentage of equivalence between ui and ûi by counting the
average of pairwise relations that are identically encoded by ui and ûi . Thus, we
define Qualitative Proximity
as follows:
(
)
∑

QP(ui , ûi ) =

(S,π),(T,π ′ )∈D

CHK ui , ûi , (S, π), (T, π ′ )

|D|(|D| − 1)/2

, where
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(
)
CHK ui , ûi , (S, π), (T, π ′ ) =



1



0

(
if (S, π) ≿ui i (T, π ′ )
)
∧ (S, π) ≿ûi i (T, π ′ ) .
otherwise

One step further, we introduce a single metric that combines both RMSE and
QP. According to this metric:
– the lower the error RMSE(ui , ûi ), the better ûi fits ui
– the higher the QP(ui , ûi ), the better ≿ûi i matches ≿ui i .
Thus, our Overall Preference Accuracy (OPA) metric can be defined as follows:
QP(ui , ûi )
,
OPA(ui , ûi ) =
ϵ + RMSEnrm (ui , ûi )
where RMSEnrm is the normalized RMSE regarding the test samples values’
range. This normalized RMSE allows us to compare the performance in games
with diﬀerent value ranges. The intuitive interpretation of the OPA metric is
that, we highly value the contribution of QP metric–since this actually measures
the similarity of the original preference relation to the approximated one–but
also take into some consideration the RMSE between the original and the approximated function. In order to avoid division with zero, we add a small positive
ϵ = 10−5 to the denominator.
As mentioned above, we use OPA in the TPE for the hyperparameter selection. Specifically, we set the loss function TPE attempts to minimize to
1
f (h) = OPA(u
, where ui is derived from the input (test) data, and the estii ,ûi )
mated ûi is related to the hyperparameters h for the neural network model.
4.3

Results

5
10
20
50
LRM LRMRBF NN LRM LRMRBF NN LRM LRMRBF NN
LRM LRMRBF NN
ASHGs 0.05sec 1.2sec 14sec 2.4sec
17sec
1.7min 10sec 1.7min 8.3min 3.2min 25.3min 5.5hr
BHGs 0.04sec
1sec
45sec 1.3sec
12sec
2.9min 5.5sec 1.2min 8.4min 1.7min 30.6min 2.5hr

Table 2: Approximate time needed per game for training & testing.

n
5
10
20
50

Partition samples
Training Testing Validation
200
500
200
2000
5000
2000
5000
10000
5000
20000 40000
10000

Table 3: Samples per setting
We conducted a series of experiments for our evaluation, simulating both
ASHGs and BHGs games. Table 3 shows the number of observation samples
used in each setting (depending on the number of agents). Note that Validation
refers to the process of optimizing the model’s hyperparameters. For each (type
of game, number of agents) setting, we trained each learning model for 5 game
examples. In Fig. 3 we show the average scores of both OPA and QP metrics
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each learning model yielded per setting (type of game, number of agents). As
we can see, NN models outperform LRM and LRMRBF, both in ASHGs and
BHGs, especially as the number of agents increases. This is, in fact, an anticipated result since the hyper-parameters optimization makes our NN models
more adaptive to the problem. However, the larger the number of agents is, the
more computationally expensive the NN model is. This results from the hidden
layers having many fully connected nodes. The number of layers is 1 or 2, while
the nodes per layer are in [ n2 , n·(n−1)
], selected by TPE optimizer.
2

(a) ASHGs : QP

(b) ASHGs : OPA

(c) BHGs : QP

(d) BHGs : OPA

Fig. 3: QP and OPA scores (average over 5 games).
In BHGs, the complexity of our hidden preferences mainly depends on the
number of diﬀerent pairs ⟨Incl, Incl⟩ each agent has, and on conflicts regarding
the preference for a specific agent j (j may be “wanted” as part of a specific
subcoalition, but not of some other). In our experiments we increased the “intricacy” of the preferences, as the number of agents increases (see Table 2). Thus,
we observe that the LRM, in BHGs, lacks scalability; i.e., LRM is incapable
to approximate highly “complex” preferences. However, for a small number of
agents (i.e. 5), the fact that the formulae are considerably simple results to an
average ∼ 85% on QP; this, along with the fact that the NN is computationally
expensive gives rise to a trade oﬀ between the two models–see the approximate
time each model needs in Table 2. For ASHGs, due to their nature, both LRM
and LRMRBF are very eﬀective in terms of QP, and well-behaved regarding
scalability. Once again NN outperforms the other models, however, the high
computational load of this model makes the simple and more inexpensive models very appealing. Between the LRM and LRMRBF, the former is found to
be more consistent for settings with many players. Note that all three learning
methods exhibit performance ranging from adequate to extremely successful,
operating with a small number of samples in huge partition space. For example,
for 20 agents, we have 1013.71372 partitions in total, and we feed the models only
with 5000 training samples, i.e., with the 9.66 · 10−9 % of the total space.
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Conclusion and Future Work

In this paper, we put forward the formal definition of PFF-HGs, and extended
well studied classes of HGs to partition function form. Then, we employed three
learning models to approximate the hidden preference relations. Finally, we conducted a systematic evaluation that verified the eﬀectiveness of our approach.
As future work, we intend to test the learning process in other classes of hedonic
games, such as B/W − Games, and Fractional HGs [2] in PFF.
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